We give the direct and inverse approximation theorems for a new type of Bernstein-Durrmeyer operators with the modulus of smoothness. MSC: 41A25; 41A27; 41A36
Introduction
Durrmeyer [] introduced the integral modification of the well-known Bernstein polynomials given by 
the falling factorial; and we get the rate of convergence for these operators for a function having derivatives of bounded variation and the result in the simultaneous approximation. In the present note our main aim is to get the direct and inverse approximation theorem for this type of operators. Here we shall utilize modulus of smoothness and K -functional as the tools, which are defined by []
f (x) ,
, 
n m P n,m (f , x) and state our main results as follows.
Throughout this paper · = · ∞ and C denotes a positive constant independent of n and x not necessarily the same at each occurrence.
Lemmas
To prove the above theorems we need the following lemmas. First we define the moments,
Lemma  ([])
The following claims hold.
, the following recurrence relation is satisfied:
Remark For n sufficiently large and x ∈ (, ), it can be seen from Lemma  that
for any C > .
Proof To complete the proof we consider two cases of
where a k (n) = (n + m)
where
of degree [(r -i)/] with non-constant bounded
coefficients. Therefore,
By Holder's inequality we get
From (.) and (.), (.) holds.
Noting that
and α n,k β n,k ≤ C, we get ϕ rλ (x)I ≤ ϕ rλ f (r) . This completes the proof of Lemma .
Proof of the theorems
In this section we will give the proof of Theorem  and Theorem .
Proof of Theorem  By the definition of K ϕ λ (f , t r ) and the equivalence between ω r ϕ λ (f , t) and K ϕ λ (f , t r ), for the fixed n and x, we can choose g = g n,x such that
We know that 
